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p-TORSION ELEMENTS IN LOCAL COHOMOLOGY MODULES 

ANURAG K. SINGH 

Abstract. For every prime integer p, M. Hochster conjectured the existence 
of certain p-torsion elements in a local cohomology module over a regular ring 
of mixed characteristic. We show that Hochster's conjecture is false. We next 
construct an example where a local cohomology module over a hypersurface 
has p-torsion elements for every prime integer p, and consequently has infinitely 
many associated prime ideals. 



u. 

"^^ ' For a commutative Noetherian ring R and an ideal a <Z R, the finiteness proper- 

r~| . ties of the local cohomology modules Hl{R) have been studied by various authors, 

"t^ I In this paper we focus on the following question raised by C. Huneke |Hu[ Problem 

4]: if M is a finitely generated i?- module, is the number of associated primes ideals 
oiHiiM) always finite? 

In the case that the ring R is regular and contains a field of prime characteristic 
^ ■ P > 0, Huneke and Sharp showed in jHSj that the set of associated prime ideals of 

■"sj" , H\{R) is finite. If i? is a regular local ring containing a field of characteristic zero, 

^^ I G. Lyubeznik showed that Hl{R) has only finitely many associated prime ideals, 

vQ ■ see |Lyl| and also |Ly2| |Ly3| . Recently Lyubeznik has also proved this result for 

f^ , unramified regular local rings of mixed characteristic, |Ly4| . Our computations 



^r ■ here support Lyubeznik's conjecture |Lyl[ Remark 3.7 (iii)] that local cohomology 

■«.. I modules over all regular rings have only finitely many associated prime ideals. 

1^ I In Section ^ we construct an example of a hypersurface R such that the local 

Cu ' cohomology module H^{R) has p-torsion elements for every prime integer p, and 
consequently has infinitely many associated prime ideals. 

^ I For some of the other work related to this question, we refer the reader to the 

l^ ■ papers [RLI iRRSl llfej . 

^. 

I. Hochster's conjecture 

Consider the polynomial ring over the integers R = Z[u,v,w,x,y, z] where a is 
the ideal generated by the size two minors of the matrix 

fu V w 
M = 

\x y z 

i.e., o — (Ai, A2, Aa)/? where Ai = vz — wy, A2 = wx — uz, and A3 ~ uy — vx. 
M. Hochster conjectured that for every prime integer p, there exist certain p-torsion 
elements in the local cohomology module H^{R), and consequently that H^{R) has 
infinitely many associated prime ideals. We first describe the construction of these 
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elements. For an arbitrary prime integer p, consider the short exact sequence 

> R — ^-^ R y R/pR > 0, 

which induces the foUowing exact sequence of local cohomology modules: 

^ H^,{R) ^ Hl{R) ^ Hl{R/pR) ^ H',{R) ^ H',{R) ^ 0. {*) 

It can be shown that the module H^{R/pR) is zero using a result of Peskine and 
Szpiro, see Proposition II .21 below. In the ring R we have the equation 

uAi + wA2 + wAs = 0, 

arising from the determinant of the matrix 




Let q = p'^ where e is a positive integer. Taking the q th power of the above equation, 
we see that 

(mAi)? + (wAa)'? + (wAg)" = mod p, (**) 

and this yields a relation on the elements A^, Ag, Ag G R/pR, where Ai de- 
notes the image of A^ in R/pR. This relation may be viewed as an element 
^q € H^{R/pR). Hochster conjectured that for every prime integer there exists 
a choice oi q — p"^ such that 



^^q 



i Image (hI{K) -^ Hl[R/pR)), 



and consequently that the image of fiq under the connecting homomorphism in the 
exact sequence (*) is a nonzero p-torsion element of H^{R). 

We note an equivalent form of Hochster's conjecture which is convenient to work 
with. Recall that the module H^{R) may be viewed as the direct limit 

R 



lim 



(A^A|,At)i? 



where the maps in the direct limit system are induced by multiplication by the 
element A1A2A3. The equation {**) shows that 

^ _ (uAi)« + (vA2)« + (wAg)" 

\q — 

P 

has integer coefficients, i.e., that A, is an element of the ring R. Let 

77, = [A, + (A?, Al Al)R] e HliR). 

Lemma 1.1. With the notation as above, the following statements are equivalent: 

(1) ^lq i Image {hI{R) ^ Hl{R/pR)), 

(2) rjq is a nonzero p-torsion element of H^{R). 
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Proof. (2) =^ (1) ling G Image (h^{R) -^ Hl{R/pR)\ the relation (u«,w«,w«) 

on the elements Aj^, A2, A3 S R/pR lifts to a relation in Hl{R), i.e., there exists 
an integer k and elements at € R such that ai Af + a2 Aj + Q^s^l ' = and 

KA^Ag, z;«A^A^ 7z;«AJA^) = (ai, ^2, as) mod p. 

Hence we have 

(u^A^A^ - ai)A?+'^ + (w«A§A*^ - a2)Al+'' + (u;«A*^A^ - a3)A|+'= 

= f(«Ai)' + (t-A2)« + («;A3)«)(AiA2A3)'= £ (pA?+^ pAf \ pAl+')R, 



and so A,(AiA2A3)'= e (A?+^ A«+^ A|+'^')i? and 77, = 0. 

The argument that (1) =^ (2) is similar. D 

By the above lemma, an equivalent form of Hochster's conjecture is that for 
every prime integer p, there is an integer q — p'^ such that rjq is a nonzero p-torsion 
element of H^{R). Since pXq € (A', Aj, A|)i?, it is immediate that 

p-rjq = [pXq + {Al, Al, Al)i?]=0 e H^,{R). 

We shall show that Hochster's conjecture is false by showing that for all q ^ p"^, 
rjg = in Hl{R). More specifically we show that if fc = g — 1 then 

A,(AiA2A3)^- e (Af+\ Af ^ A|+'=)i?. 



We record the following result, |PSI Proposition 4.1], from which it follows that 
Hl{R/pR) = 0. We use this result with A = R/P and / = (Ai, A2, A3). Then 
height/ — 2, and it is well known that the determinantal ring A/ 1 is Cohen- 
Macaulay. 

Proposition 1.2 (Peskine-Szpiro). Let A he a regular domain of prime charac- 
teristic p > Q, and let I be an ideal of A such that A/ 1 is Cohen- Macaulay. If 
height/ = h, then H}{A) ^ for i > h. 

Remark 1.3. For a field K, let Rk = K ®z R where R = X[u, v, w, x, y, z] as above. 
We record an argument due to Hochster which shows that H^{Rq) is nonzero. 
Consider the action of SL2{Q) on Rq where where a G SL2{Q) sends the entries 
of the matrix M to the entries of aM. The invariant subring for this action is 
A = Q[Ai, A2, A3] and, since SL2{Q) is linearly reductive, ^ is a direct summand 
of Rq as an A-module. Consequently H^iA) is a nonzero submodule of //^(/?q). 
Hence while H^{Ri/pj) — 0, we have H^{Rq) ^ 0; it is then only natural to expect 
that the study of H^{R) would be interesting! 

2. The multi-grading 

We now work with a fixed prime integer p, an arbitrary prime power q — p'^ , and 
set X — Xq. We first use a multi-grading to reduce the question whether 

A(AiA2A3)'= e (A?+^ Af ^ A|+'-)/? (#) 
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to a question in a polynomial ring in three variables. We assign weights as follows: 

u: (1,0,0,0) x: (1,0,0,1) 

i;: (0,1,0,0) 2/ : (0,1,0,1) 

w: (0,0,1,0) ^: (0,0, 1,1) 

With this grading, 

deg(Ai) = (0,l,l,l), deg(A2) = (l,0,l,l), deg(A3) = (1, 1,0, 1), 

and A is a homogeneous element of degree {q,q,q,q). Hence in a homogeneous 
equation of the form 

A(AiA2A3)'= - ciA?+'= + c,Al+'' + c3A|+\ 

we must have 

deg(ci) = {q + 2k,k,k,2k), deg(c2) = {k,q + 2k,k,2k), deg(c3) = {k,k,q + 2k,2k). 

We use this to examine the monomials which can occur in c^. If ci involves a 
monomial of the form u'^v^'-w'^x'^y'^z^ , then 

(a + d, b + i, c + j, d + i + j) = (q + 2k, k, fc, 2k) 

and so b = k — i, c = k — j, d = 2k — i — j and a = q + i + j. Hence ci is a Z- linear 
combination of monomials of the form 

Let [si, S2Y denote the set of all monomials 3\s2^^ for < i < fc and [si, S2] • [^17^2] 
denote the set of products of all pairs of monomials from [si, S2] and [ti, ^2]- With 
this notation, ci is a Z-linear combination of monomials in u'^ ■ [uy, vx\^ ■ [uz, wxY . 
After similar computations for C2 and C3, we may conclude that {^) holds if and 
only if A(Ai A2A3)'^ is a Z-linear combination of elements from 

A«+'=u«•[uy,ra]''•[uz,wa;]^ 

A|+%«•[^;z,wy]'=•[^'a;,U2;]^ 

/S.l'^''w'i -[wx.uzf ■[wy,vzf. 

We may divide throughout by the element {uvwY^ , and study this issue in the 

polynomial ring Z[-, ^, — ]. Let 

z X „ X y ^ X 
A^ , B = ---, T= . 

W U U V u 

The condition (^) is then equivalent to the statement that the element 
A(AiA2A3)'= 1/ N/ x'^ 



■ ({A + BY + {-AY + {-by) ({A + B)Ab) 



{uvwY'^^'^ P ' 

is a Z-lincar combination, in the polynomial ring Z[A, B, T], of elements of 

(A + B)«+'=•[^,A]'=■[T,B]^ 
j^q+k . jy^ ^]fe .IT + B,A + Bf, 

Bi+k .[T,A]''-[T-A,A + B]''. 
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We show that the above statement is indeed true for k = q — 1 using the fohowing 
equational identity, which wiU be proved in the next section: 

fe 



n 



. n/ •' — ' \ K J \ k 

ri=0 ^ ^ 1=0 



^n) ^-^ \ k I \ k 

n=0 ^ ^ 4=0 \ / \ / 

Separating the terms with n = Q and dividing by p, the above identity gives us 
- ({A + Bf+^ {-if - yl'^+i - S'^+i) (^5(^4 + B)\ '' 

k 



^...r E (!) (-i)"(^ + ^)" E(^ + 5)-^B--^i (^ r) c ^ r " 

'^ /lc\ " 

ri — 1 V / ;— n 



^ \ /m ^\», V^/^ , r^^^-^ ,il.-»,+,; 1 / fc + M / fi^ + '^ ~ * 



s •-, P\ k J \ k 

n=l ^ ' 4=0 ^ ^ ^ ^ 

To ensure that the expression on the right hand side of the equaUty is indeed a 
Z-hnear combination of elements of the required form, it suffices to estabUsh that 
the prime integer p divides 

^fc + «\ /fc + n — i^ 
k )\ k 

when \ <n <k and < z < n, where fc = g— l=p'^ — 1. Note that this condition 
ensures that i>lorn — i>f, and so it suffices to show that p divides 

^k + r\ (jf — f + r^ 
k ) ^ \ p" -1 

for 1 < r < p*^ — 1 . Since 

^p''-l + r\ /p^\ /p^ + l\ /p^ + 2\ fp'^ + r-r 



p" -1 J \r J \ 1 J \ 2 / V r-1 



this is easily seen to be true. 

3. The equational identity 

We first record some identities with binomial coefficients that we shall be using. 
These identities can be easily proved using Zeilberger's algorithm (see |PWZ| 1 and 
the Maple package EKHAD, but we include these proofs for the sake of completeness. 
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When the range of a summation is not specified, it is assumed to extend over aU 
integers. We set ( ) = if « < or if fc < z. 



Lemma 3.1 

frn-\-s — k—l\ {2k+va+l 

» ^ . / / k: —I— I \ / fi' -^r- I \ t K- —I— fll — / \ I 

(1) 



p-<':::)(:r)rr)--{: 



if k > s > k + 1 — m, 

j J \ k J \k — sj ^ 



Y^ f k ~ i\ fk + i\ fk + m — {\ fk + m — s\ f2k + m + 1 
(3) ^^[k-s)[ k )[ m ) = \ m 

Proof. (1) Let 

'Ik + 1\ fk + i\ fk + m — i 



G{m, i) ^ ^ ^^ '-F{m, i), and H{m) == > F(to, i). 

i 

It is easily seen that 

G{m,i + 1) = -(fc + z + l)(2fc+ 1 - s-i)F{m,i) and 

k + m + 1 — i 

Fira + 1, z) = ; Fim, i), 

m + 1 — I 

and these can then be used to verify the relation 

G{m,i + 1)-G{m,i) = {2k+m+2){m+s-k)F{m,i)-{m + l)(m + s + l)F(m + l,i). 
Summing with respect to i gives us 

= (2k + m + 2)(m + s - k)H{m) - (m + l)(m + s + l)H(m + 1). 

Using this recurrence, 

(2fc + m + 1) ■ ■ ■ (2fc + 2)(m + s ^ k - I) ■ ■ ■ {s - k) ^^^^ 

Hym) = — — — — ■ — — — H{[)), 

(m) ■ ■ ■ (l)(m + s) • • • (s + 1) 

and the required result follows. 
(2) Let 

^<-' ^ '-"<;)(*■ 10- <^<-'^^'^^^^<-'' 

and H{s) ~ ^ F{s,j). It is easily seen that 

G{.s,j + l) = ia + j + l)F{s,j) and F{.s + l,j)= ^^^ ^ . F{.s,j), 

s + 1- J 

and these can then be used to verify the relation 

G(s,j + 1) - G{s,j) = ik- s)F{s,j) + {a-k + s + l)F{s + 1, j)- 
Summing with respect to j gives us 

== (fc - s)H{s) + {a-k + s + l)H{s + 1). 
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Using this recurrence, 



(-l)-(fc-. + l)...(fc) ^^^^ 



(3) Let 



/k-i\/k + i\/k + m-i\ i{k - s){k + m+ 1 ~ i) 

^(^'^)=U-Jl fc Jl - j'G(^'^)- ^TT^i ^(^'^)' 

and H{s) = '^- F{s, i). It is easily seen that 

G{s,i + l)^{k-s){k + i + l)F{s,i) and F{s + l,i) = ^-^F(s,i), 

s + 1 — i 

and these can then be used to verify the relation 

G{s, i + 1)- G{s, i) = (k- s) (2k + m-s + l)F(s, i) - {s + l){k + m- s)F{s + l,i). 
Summing with respect to j gives us 

= (fc - s){2k + m-s + l)H{s) - (s + l)(fc + to - s)H{s + 1). 

Using this recurrence, 

^ (fc - g + 1) • ■ ■ (fc)(2fc + TO - g + 2) ■ ■ ■ (2fc + TO + 1) 
^ ' (s) • • • (l)(fc + TO - s + 1) • • • (fc + m) ^ ^ 

fc + jTi — s\ /2fc + m + 1 
m J \ s 



D 



We are now ready to prove the equational identity 

fe 



(A + i?)2fe+i J2 Q T" ^(-i)'^+M'=-'i?'^-"+' f'' fc (^ ^ fc 

Tl = ^ ^ i=0 ^ ^ ^ 

n=0 ^ ^ i=0 \ / \ / 

Examining the coefhcient of T™ for all < m < fc, we need to show 

n=m V / V / i=o ^ ' ^ 

Dividing by (^)(AB)''^™ and using the fact that 

'kXfk — mX fk\fn 
.ml\n — ml \nl \m 
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we need to establish that 



{A + Bf''+^ ^(-1)'=+M"-*B* 



i=0 
k 



i fk + i\ fk + m — i 
k 



-^-"-i:(!::)<-i)"i:(^+^)'-«-Cr)C"r"* 

n=m ^ ' i=0 ^ ' ^ 

_ j^k+m+1 y^ ( ^ ^ "^1 (_i)"-™ \^(A + si^-'^M* ( ^ + * > / fc + '^ - « 

n— 771 ^ ^ i—0 

For < r < m - 1, the coefficient of ^fe+™-'\Bfe+i+'- jg 

B-"-G":;.)Cr)("r"" 

which is zero by lemma IXTI fl') since k > k — r > k + 1 — m. 

For < r < fc, the coefficient of ^fe+™+i+''ijfe-'" as well as the coefficient of 



E(-i)'^^ 



2fc + 1 \/k + i\/k + m-i 
k + l + r + i)\ k )\ k 

'fc — m\ v-^ fk — i\ fk + i\ fk + n — i 



E(-i)" E 



k 

\ rn J \ k — r 

-EC;')Cr)i:(->r(:::)C^"-' 

i=0 ^ ^ ^ ^ 71 = 777 ^ ^ ^ 

/ ,s7, /m + r\ /2fc + TO + l\ v^, ^^,. fk-i\fk + i\fk + m-i 
= ^-'^[ TO ji fc-r j"g^"'^ I r )[ k )[ TO 

= 0, 
using identities established in lemma 3.1. 

4. A LOCAL COHOMOLOGY MODULE WITH INFINITELY MANY ASSOCIATED PRIME 

IDEALS 

Consider the hypersurface of mixed characteristic 

R = Z[U, V, W, X, Y, Z]/{UX + VY + WZ) 

and the ideal a = {x,y,z)R. We show that the local cohomology module H^{R) 
has p-torsion elements for infinitely many prime integers p, and consequently that 
it has infinitely many associated prime ideals. We have 



H^{R) = lim -^-^ — — - 
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where the maps in the direct hmit system are induced by multipHcation by the 
element xyz. Let p be a prime integer. It is easily seen that 

{ux)P + {vy)P + {wz)P 
A — 

p 

has integer coefficients, and we claim that the element 

T]=[X + {xP, yP, zP)R] e Hl{R) 

is nonzero and p-torsion. It is immediate that p • 77 = 0, and what really needs to 
be established is that r; is a nonzero element of Hl{R), i.e., that 

Xixyz)'' i (a;P+^ /+^ zP"^^)R for aU A: e N. 

We shall accomplish this using an N^-grading. We assign weights as follows: 

u: (0,1,1,1) x: (1,0,0,0) 

i;: (1,0,1,1) 2/: (0,1,0,0) 

w: (1,1,0,1) ;2: (0,0,1,0) 

With this grading, A is a homogeneous element of degree {p,p,p,p). Hence in a 
homogeneous equation of the form 

Xixyz)'' = cia;P+'= + 02/+'= + C3zP+^ 

we must have 

deg(ci) == {0,p+k,p+k,p), deg(c2) = {p+k,0,p+k,p), deg(c3) = {p+k,p+k,0,p). 

We may use this to examine the monomials which can occur in Ci, and it is easily 
seen that the only monomial that can occur in ci with a nonzero coefficient is 
yPyk^k^ and similarly that C2 is an integer multiple of vPz^x^ and C3 is an integer 
multiple of ujPx'^y'^. Hence \{xyz)^ G {xP^'' , yP^'^ , zP^^)R if and only if 

\{xyzf e {uPy''z''xP+'', vP z^ x'' yP+'' , wPx'^y'' zP+'')R 
^{xyzf{{ux)P, {vy)P, {wz)p)r, 



i.e., if and only if A G {{ux)p , {vy)P, {wz)p)R. To complete our argument it suffices 
to show that A ^ (p, {ux)p, {vy)P, {wz)p)R, i.e., that 
{ux)P + (vy)P + (-l)P{ux + vy)P 



P 
After making the specializations m h^ 1, w h^ 1, w h^ 1, it is enough to verify that 

xP + yP + {-l)P{x + y)P 



[p, {ux)P, {vy)P)R. 
(; H^ 1, it is eno 
{p, xP, yP)X[x,y] 



P 
and this holds since the coefficient oixP^^y in {xP + yP + {—l)P{x + y)P)/p is (— 1)^. 
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